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Abstract. We study conformal actions of connected nilpotent Lie groups 
fT^ ' on compact pseudo-Riemannian manifolds. We prove that if a type- (p,g) 

^^ , compact manifold AI supports a conformal action of a connected nilpo- 

tent group H , then the degree of nilpotence of H is at most 2p + 1, 
Cn ■ assuming p < q; further, if this maximal degree is attained, then M 

^*\ , is conformally equivalent to the universal tjpe-{p,q), compact, confor- 

mally flat space, up to finite or cyclic covers. The proofs make use 
of the canonical Cartan geometry associated to a pseudo-Riemannian 
conformal structure. 






^ . 1. Introduction 

> 

^J • Let (M, a) be a compact pseudo-Riemannian manifold — that is, the tangent 

f^ ■ bundle of M is endowed with a type-(p, q) inner product, where p + q = n = 

. ' dimM. We will always assume p < q. The conformal class of a is 

t^ ■ 

O ; [a] = {e^a -. h : M ^ R smooth} 

Denote by Conf M the group of conformal automorphisms of M — the group 
of diffeomorphisms / of M such that f*a G [c]. If n > 3, then Conf M 
r> I endowed with the compact-open topology is a Lie group (see |Kol IV. 6.1] 

C^ I for the Riemannian case; the proof is similar for p > 0). 

A basic question, first addressed by A. Lichnerowicz, is to characterize the 
pseudo-Riemannian manifolds (M, a) for which Conf M does not preserve 
any metric in [a]; in this case, Conf M is essential. The pseudo-Riemannian 
Lichnerowicz conjecture says that if M is compact and Conf M is essential, 
then M is conformally flat — that is, locally conformally equivalent to R^''^ 
with the translation-invariant, type-{p,q) metric. A stronger result in the 
Riemannian case was proved by Lelong-Ferrand |LF1| . See for example |Fr2] 
for more background on this conjecture. 
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One difficulty for general type {p, q) is that no characterization of essential 
conformal groups exists. In the Riemannian case, on the other hand, for M 
compact, Conf M is essential if and only if it is noncompact. For p > 1, 
noncompactness is only a necessary condition to be essential. Now, a first 
approach to the conjecture is to exhibit sufficient conditions on a group 
of conformal transformations which ensure it is essential, and to test the 
conjecture on groups satisfying the given condition. 

From the conformal point of view, the Einstein universe is the most sym- 
metric structure of type {p,q). These spaces, denoted Ein^'"^, are defined in 
section [2TT] below. The group Conf Ein^''^ is isomorphic to PO{p + l,q + 1), 
and it is essential. The Einstein spaces are conformally flat. 

Thanks to |Zilj , we know that a simple noncompact real Lie group acting iso- 
metrically on a compact pseudo- Riemannian manifold (M, a) of type {p, q) 
satisfies rk H < p, where rk H denotes the real rank. For H < Conf M 
noncompact and simple, the rank 

rk H <p+l = rk FO{p +l,q + l) 

This was first proved in [Zilj, also in [BNJ . and for H not necessarily simple 
in [BFMl 1.3 (1)]. Thus, conformal actions of simple groups H, with rk H = 
p + 1, on type-(p, q) compact pseudo- Riemannian manifolds cannot preserve 
any metric in the conformal class. The results of |BN] . together with [FZJ . 
give that when H < Conf M attains this maximal rank, then M is globally 
conformally equivalent to Ein^''^, up to finite covers when p > 2; for p = 1, 

' l,n-l 

M is conformally equivalent to the universal cover Ein , up to cyclic and 
finite covers. In particular, M is conformally flat, so this result supports the 
pseudo-Riemannian Lichnerowicz conjecture. The interested reader can find 
a wide generalization of this theorem in [BFMl 1.5]. 

Actions of semisimple Lie groups often exhibit rigid behavior partly because 
the algebraic structure of such groups is itself rigid. The structure of nilpo- 
tent Lie groups, on the other hand, is not that well understood; in fact, a 
classification of nilpotent Lie algebras is available only for small dimensions. 
From this point of view, it seems challenging to obtain global results simi- 
lar to those above for actions of nilpotent Lie groups. Observe also that a 
pseudo-Riemannian conformal structure does not naturally define a volume 
form, so that the nice tools coming from ergodic theory are not available 
here. 
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For a Lie algebra t), we adopt the notation t)i = [i},l)], and tjk is defined 
inductively as [f),f)fc_i]. The degree of nilpotence d{l)) is the minimal k 
such that fifc = 0. For a connected, nilpotent Lie group H, define the 
nilpotence degree d{H) to be fi(f}). If a connected Lie group H is nilpotent 
and acts isometrically on a type-(p, q) compact pseudo-Riemannian manifold 
M, where p > 1, then the nilpotence degree d{H) < 2p (when p = 0, 
then d{H) = 1). This was proved in the Lorentzian case in ^Zi2j, and in 
broad generality in [BFMt 1.3 (2)]. Theorem 1.3 (2) of |BFMj also implies 
d{H) < 2p + 2 ioT H < Conf M. This bound is actually not tight, and the 
first result of the paper is to provide the tight bound, which turns out to be 
2p+l, the maximal nilpotence degree of a connected nilpotent subgroup in 
PO{p+l,q + l). 

Theorem 1.1. Let H be a connected nilpotent Lie group acting conformally 
on a compact pseudo-Riemannian manifold M of type {p,q), where p >\, 
p + q>Z. Then d{H) <2p+l. 

By theorem 1.3 (2) of [BFMj . a connected nilpotent group H such that 
d{H) = 2p + 1 cannot act isometrically on a compact pseudo-Riemannian 
manifold of type {p, q) . The following theorem says that if this maximal 
nilpotence degree is attained in Conf M, then M is a complete conformally 
flat manifold, providing further support for the pseudo-Riemannian Lich- 
nerowicz conjecture. 

Theorem 1.2. Let H be a connected nilpotent Lie group acting conformally 
on a compact pseudo-Riemannian manifold M of type {p,q), with p > 1, 
p + g > 3. // ci(-fr) = 2p + 1, then M is conformally equivalent to Ein /$, 
where <& < 0{p + l,g + 1) is trivial or isomorphic to Z2 when p > 2, or 
isomorphic to Z when p = 1. 

Here, Ein denotes the universal cover of Ein*'''' and 0{p + l,g + 1) = 
Conf Ein ' . When p > 2, the center of Q(j) + 1, (; + 1) has order two, while 
for 0(2, (7 + 1), g > 2, the center is infinite cyclic. From this theorem follows 
a complete description of the i^-action: let $' be the intersection of <^ with 
the center of 0(p + 1,(7 + 1). Then the conformal group of the quotient 
Ein /$ is N/(^' , where A^ is the normalizer of $ in 0{p + l,g + 1). The 
conformal diffeomorphism given by the theorem conjugates the i7-action on 
M to one on Ein ' /^, via a representation H -^ iV/$', which is faithful if 
the original ff-action on M is. 
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We do not treat the Riemannian case p = in this paper, since the results 
in this case are a trivial consequence of Ferrand's theorem. 

Section [2] below provides brief background on the geometry of the Ein- 
stein universe, as well as an algebraic study of nilpotent subalgebras of 
o{p + l,q + 1). In section 12.31 we introduce the notion of Cartan geometry, 
which is central in all the proofs, and recall the interpretation of type-(p, q) 
conformal structures, where p + q >3, as Cartan geometries infinitesimally 
modeled on Ein^''^. Section [3] uses results of [BFMj to prove theorem 11.11 
Actually, we prove here a stronger statement, theorem 13. 2^ which gives also 
the starting point to prove theorem 11.21 whenever a connected nilpotent 
group of maximal nilpotence degree acts conformally on M, then some point 
has nontrivial stabilizers, containing special elements called lightlike transla- 
tions. We explain the role of these elements and outline the proof of theorem 
11.21 at the end of section [3l 

2. ElN^'^ AS A HOMOGENEOUS SPACE FOR PO(p +l,q + l) 

In this section, we introduce some basic notation used throughout the paper, 
and provide background on the geometry of the Einstein universe, as well 
as an algebraic study of nilpotent subalgebras of o(p + 1, g + 1). 

2.1. Geometry of EinP'"?. Let RP+^'^+i be the space RP+9+2 endowed with 
the quadratic form 

QP+^'1+^(^Xo, ... , Xn+l) = 2{xoXp+q+i H h XpXg+i) + Sp+ixf 

We consider the null cone 

j^P+i,q+i = {xe RP+1'9+1 I QP+i''?+i(x) = 0} 

and denote by J\fP^^'i^^ the cone J\/p+^^i+^ with the origin removed. The 
projectivization P(J\fP^^''^^^) is a smooth submanifold of RP^^''^"'^, and 
inherits from the pseudo-Riemannian structure of RP+^'^+i a type-(p, g) 
conformal class (more details can be found in [Frlj . [BCDGM] ). We call 
the Einstein universe of type {p,q), denoted Ein^''', this compact mani- 
fold P{J\fP~^^''^~^^) with this conformal structure. Note that Ein ■'' is confor- 
mally equivalent to the round sphere {S'^,gsi). When p > 1, the product 
(S^ X S*^, —gsp © gsi) is a conformal double cover of Ein^'"^. 

The projective orthogonal group of Q^^^''^^^, isomorphic to PO(p+ 1, g + 1), 
acts projectively on Ein^'"^ and is the full conformal group of Ein^'"^. 
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2.1.1. Lightcones, stereographic projection, and Minkowski charts. A light- 
like, timelike, or spacelike curve of a pseudo-Riemannian manifold (M, a) 
is a C"*^ 7 : / ^ M such that o"^(t)(7'(t),7'(i)) is 0, negative, or positive, 
respectively, for all t ^ I. It is clear that the notion of lightlike, timelike 
and spacelike curves is a conformal one. Lightlike curves are sometimes also 
called null. 

It is a remarkable fact that all metrics in [a] have the same null geodesies, 
as unparametrized curves (see for example |Fr6j for a proof). Thus it makes 
sense to speak of null — or lightlike — geodesies for pseudo-Riemannian con- 
formal structures. Given a point x E M, the lightcone of x, denoted C{x), 
is the set of all lightlike geodesies passing through x. 

The lightlike geodesies of Ein^'"^ are the projections on Ein*'''^ of totally 
isotropic 2-planes in RP+^'''+^. Hence every null geodesic is closed. If 
X £ Ein^''' is the projection of y € M^^^''^~^^, the lightcone C{x) is just 
P(y nM'^^^''^^^). Such a lightcone is not smooth, but C{x) \ {x} is smooth 
and diffeomorphic to R x S^^^ x S"^^^ (see figured]). 




Figure 1 . the hghtcone of a point in Ein^'^ 

For any (p, q), there is a generalized notion of stereographic projection. Con- 
sider If : RP''^ -^ Ein^''' given in projective coordinates of RP"+^ by 

(/? : X 1-^ [--Q^''^ix, x) : xi : ■ ■ ■ : Xn ■■ I] 

Then ip is a conformal embedding of R^'"? into Ein^'"^, called the inverse 
stereographic projection with respect to [cq]. The image ip(EU'''^) is a dense 
open set of Ein^''^ with boundary the lightcone C([eo]). Since the action of 
PO(p + l,q + 1) is transitive on Ein^'"^, it is clear that the complement of 
any lightcone C{x) in Ein^'"^ is conformally equivalent to R^'''. Such an open 
subset of Ein^''^ will be called a Minkowski component, and denoted M(x). 
Its identification with R^'^ via stereographic projection with respect to x is 
a Minkowski chart. 
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Here we explain how images of lightlike lines of R^''^ under ^p reach the 
boundary (see also [Frll ch 4]). Lightlike lines of R^''' are identified via 
(/? with traces on M([eo]) of lightlike geodesies in Ein^'"^. If 7 : R — > R^''^ 
is a lightlike line, then limi_>.oo V?(7(i)) = limt^-00 '^(7(i)) = x^^ where 
x^ € C'([eo])\{[eo]}. For lightlike lines 7(t) = c + tu and /3(t) = 6 + tf , the 
limits x^i = xp if and only \i u = v and (6 — c,u) = 0. In other words, 
M([eo]) n C{x) is a degenerate affine hyperplane for x G C'([eo]) \ {[eo]}- 



2.1.2. A brief description of o{p + l,q + 1). The Lie algebra o{p + l,q + 1) 
consists of all (n + 2) x (n + 2) matrices X, where n = p + q, such that 



X Jn 



+ Jv 



iX = 



where Jp+i^g+i is the matrix of the quadratic form Q^+^''^+^. It can be 
written as a sum u~ ® r © u"*" (see [Koj IV.4.2] for p = 0; the case p > is a 
straightforward generalization), where 



and 



r = < 



a 

M 



-a 



' ( -x*.Jp,g 

X 





a G R 
M G o(p, g) 



X G RP'"? 








\ 


■■ 


X 







: X G RP'" 





— T* / 


oj 





Thus r = co(p, g), and there are two obvious isomorphisms i"^ and i from 
u"*" and u~, respectively, to R^''', given by the matrix expressions above. 

The standard basis of R^''^ corresponds under i~ to the basis of u^ 



Ui 



E^-E^ll-' iG{l,...,riU{g+l,...,n} 



where El is the (n + 2)-dimensional square matrix with all entries except 
for a 1 in the (i,j) place. 
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The parabolic Lie algebra p = r x u^ is the Lie algebra of the stabilizer P of 
[eo] in PO{p + l,q + 1), and similarly for p^ = r k u^, the Lie algebra of the 
stabilizer of [e„+i]. The groups P and P~ are isomorphic to the semidirect 
product CO{p,q) k R^'"^, and i+ (respectively i~) intertwines the adjoint 
action of P on u"*" (respectively u~) with the conformal action of CO{p,q) 
on KP'i. 

2.1.3. Translations in PO{p + l,q + 1). Let U^ be the closed subgroup of 
PO(p + l,q + I) with Lie algebra u+. 

Definition 2.1. A translation of PO{p + l,g + 1) is an element which is 
conjugate in PO{p + 1, g + 1) to an element of U^ . A translation of o{p + 
l,q + 1) is an element generating a 1-parameter group of translations of 
PO{p+l,q + l). 

This terminology is justified because a translation is a conformal transfor- 
mation of Ein^''' fixing a point, say x, and acting as a translation on M(x). 
Notice that there are three conjugacy classes of translations in 0(p+l, q+1): 
lightlike (we will also say null), spacelike, and timelike. An example of a 
null translation is the element T = {i^)~^{l, 0, . . . , 0) of u"*". 

Since any null translation of p is conjugate under P to T, the reader will 
easily check the following fact, that will be used several times below. 

Fact 2.2. Let T & p be a nontrivial null translation and c(T) the centralizer 
ofT in o{p + l,q + 1). Then c(T) fl p is of codimension one in c(T). 

2.2. Bounds in 'PO{p+l,q + 1). The first step for proving theorem 1 1.1 1 is 
to show that any nilpotent subalgebra of o{p + l,q + l) has degree < 2p+l. 
We will actually prove more: 

Proposition 2.3. For a nilpotent subalgebra f} C o{p + l,q + 1), the degree 
d{t)) < 2p + 1. Assuming p > 1, if d{i)) = d > 2p, then i) contains a 
translation in its center; in fact, f}d-i consists of null translations. 

2.2.1. Preliminary results. The following definitions will be relevant below. 
Let [ C Ql{n) be a subalgebra. The set of all compositions H^Xi, where 
Xi, . . . , Xk G [, will be denoted l^. We say that I is a subalgebra of nilpotents 
if there exists A; > 1 such that ['^ = 0. The minimal such k will be called 
the order of nilpotence of [, denoted o([). By Lie's theorem, subalgebras of 
nilpotents coincide with those subalgebras of Ql{n), the elements of which 
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are nilpotent matrices. If P) is a nilpotent Lie algebra, then ad f) C 01(f)) is 
a subalgebra of nilpotents and d{i)) = o(ad I)). 

For V a vector space with form B, a Lie subalgebra f) C co(y) is infinitesi- 
mally conformal if for all u,v & V and X € f), 

B{Xu, v) + B(n, Xu) = X{X)B{u, v) 

for some infinitesimal character A : f) — > R. Of course, the Lie algebra of 
a subgroup of CO(y) C GL(y) acts by infinitesimally conformal endomor- 
phisms of V. 

Lemma 2.4. Let i be a Lie algebra and V a finite dimensional {-module. 
Let Y G f)fc_i and v(^V. Then Y{v) G t{V). 

This lemma is easily proved by induction, using the Jacobi identity. 

Lemma 2.5. Let V be a vector space with a symmetric bilinear form B of 
type {p,q). IfuC co(y) is a subalgebra of nilpotents, then o(u) < 2p+ 1. 

Proof: Note that u is infinitesimally isometric because there are no non- 
trivial infinitesimal characters u ^ R. If p = 0, then u C o(n), in which 
case u must be trivial. 

Now assume p > 1. Let U be the connected group of unipotent matrices in 
CO{p, q) with Lie algebra u. Because U consists of unipotent matrices, it 
lies in a minimal parabolic subgroup of CO{p, q), hence leaves invariant some 
isotropic p-plane N C V. The order of u on both N and V/N-'- is at most 
p, because each is dimension p. Because N /N inherits a positive-definite 
inner product that is infinitesimally conformally invariant by u, the order of 
u on it is 1. Then o(u) < 2p + 1, as desired. (} 

2.2.2. Proof of proposition \2.3\ . Let H be the connected subgroup of G = 
PO(p+ l,g+ 1) with Lie algebra f). We recall some facts from the theory of 
algebraic groups. First, the nilpotence degrees of a connected group and its 
Zariski closure are the same, so that there is no loss of generality assuming 
H Zariski closed. Then there is an algebraic Levi decomposition of the Lie 
algebra f) = r x u, where r is abelian and comprises the semisimple elements 
of [), and u consists of nilpotents (see for example [Boj thm 10.6]). If u is 
trivial, \] is abelian and proposition 12.31 is proved. If not, d{\]) = d{u), so 
we will assume that \] = u. Moreover, u is contained in a minimal parabolic 
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subalgebra of o{p+l,q + l), and so conjugating u if necessary, we have u C p. 
Thanks to i'^ (see l2.1.2]) . we identify u with a subalgebra of co{p,q) >< R^'''. 

Denote by u the projection to co{p, q), which is actually in o(p, q) since u is 
a subalgebra of nilpotents. For any natural number k, 

(1) UkQuk + u^'RP''^) 



The proof by induction of this relation is straightforward using lemma 12.41 
for [ = u and V = R^'"^, and is left to the reader. 

When p = 0, then any nilpotent subalgebra u C o(l, g + 1) is abelian, by the 
remarks above combined with lemma 12.51 We thus have d{u) < 2p + l when 
p = 0. Now proceed inductively on p, using lemma 12.51 and relation ([1]) to 
obtain d{u) < o{u) <2p+l whenever u C o{p +l,q + l) is nilpotent, for all 

p G N. 

Next suppose that d{u) = d > 2p > 2. Since u is a nilpotent subalgebra of 
o{p, q), its nilpotence degree is at most 2p — 1 by the first part of the proof. 
Since d > 2p, Ud-i = and 

0/u,_iCu^-i(RP'«) 
so an element of Ud-i can be written 

w = Yi--- YaMv) for Yi, . . . , Y^.i € u, t; € R^-'^ 

Further, any Y Gu annihilates w. Because Yi G u is infinitesimally confor- 
mal and nilpotent, it is infinitesimally isometric. Then 

QP'i{w,w) = {Yi---Yd-i{v),Yi---Yd^i{v)) = -{Y2---Yd^i{v),Yi{w))=0 

and so tD is a null translation. ^ 

2.3. Conformal structures as Cartan geometries. In the sequel, it will 
be fruitful to study pseudo-Riemannian structures in the setting of Cartan 
geometries. A Cartan geometry modeled on some homogeneous space X = 
G/P is a curved analogue of X. 

Definition 2.6. Let G be a Lie group with Lie algebra q and P a closed 
subgroup of G such that Ad P is faithful on q. A Cartan geometry (M, B, u) 
modeled on {q,P) is 

(1) a principal P-bundle it : B ^^ M 

(2) a Q-valued 1-form lo on B satisfying 

• for all b £ B, the restriction uib : TbB -^ q is an isomorphism 
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• for all b G B and y € f), the evaluation ^h{-T be^^) = Y 

• for all b £ B and h £ P, the pullback R'^u = Ad h^^ o uj 

For the model X, the canonical Cartan geometry is the triple (X, G,^^), 
where ujg denotes the left-invariant g-valued 1-form on G, called the Maurer- 
Cartan form. 

A conformal structure (M, [a]) of type {p, q) with p + (7 > 3, defines, up to 
isomorphism, a canonical Cartan geometry {M,B,uj) modeled on Ein^'*^ — 
that is, on (o(p + l,q + 1),P). The interested reader will find the details 
of this solution, originally due to E. Cartan, of the so-called equivalence 
problem in [Shi ch 7]. 

The group Aut M comprises the bundle automorphisms of B preserving 
u. Any conformal diffeomorphism lifts to an element of Aut M, maybe 
not unique, but the fibers of the projection from Aut M to the conformal 
group of M are discrete. The Lie algebras of Aut M and Conf M are thus 
isomorphic. We will not distinguish in notation between an element / G 
Conf M and the corresponding lift to Aut M. 

3. General degree bound: proof of theorem II. II 

In this section, we use the interpretation of conformal structures as Cartan 
geometries to prove theorem ll.il Let {M,B,io) be a Cartan geometry mod- 
eled on (g,-P), and H < Aut M a connected Lie group. Since H acts on 
B, each vector X € P) defines a Killing field on B, and for every 5 € -B, we 
will call X{b) the value of this Killing field at b. Thus, each point b £ B 
determines a linear embedding 

Sb ■ h -^ 9 

X ^ oJbiXib)) 

The injectivity of Sh comes from the fact that H preserves a framing on B, 
hence acts freely (see |Ko , 1.3.2]). The image Sft(f)) will be denoted i)^, and, 
for X £ i), the image Sb{X) will be denoted X^. In general, si, is not a Lie 
algebra homomorphism, except with respect to stabilizers (see jSh, 5.3.10]): 
for any X,Y £l} and b e B such that Y^ G p, 

[x,y]^ = [x^y^] 
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Observing that Y belongs to the stabihzer f)(7r(6)) if and only if Y^ G p, we 
deduce the following fact. 

Fact 3.1. If\j^r\p is codimension at most 1 in i)^, then t)^ is a Lie subalgebra 
of Q, isomorphic to I). 

The following result implies theorem ll.li It is more precise and will be 
useful for the proof of theorem 11.21 

Theorem 3.2. Let {M,[a]) be a compact m,anifold with a type-{p,q) con- 
form,al structure, and let {M,B,uj) be the associated Cartan geometry. Let 
H < Aut M be a connected nilpotent Lie group. Then d{H) < 2p + 1. If 
d{H) = 2p + 1, then every H -invariant closed subset F C M contains a 
point X such that 

(1) The dimension of the orbit H.x is at most 1. 

(2) For every b € tt^^{x), i)^ is a subalgebra of o{p + l,g + 1). 

(3) There exists X £ i) such that X^ is a lightlike translation in p for 
every b G tt~^{x), and X is in the center of i) . 

A consequence of this theorem is that when d{H) = 2p + l, there are points 
with nontrivial stabilizers, because X as in (3) generates a 1-parameter 
subgroup of the stabilizer H{x). We will study the dynamics near x of this 
flow in the proof of theorem 11.21 

Proof: (of theorem I3.2p 

Let F d M he closed and //-invariant. The group H is amenable, so 
it preserves a finite Borel measure on F. Then the embedding theorem 
of [BFIVH thm 4.1] with S = H gives x (z F and an algebraic subgroup 
S < AdgP such that, for all b € 7r~^(x), 



(1) i)^ is S'-invariant 

(2) Sb intertwines the Zariski closure of Ad H in Aut t) with S" . ^ 

Since the adjoint representation of PO(p + 1, g + 1) is algebraic and faithful, 
S is the image of an algebraic subgroup of P, which we will also denote S. 
We denote the corresponding Lie algebra by s C p. The embedding theorem 
says that for any X € f}, there exists X € s such that for all y G f), 

[X,Y]' = [X,Y''] 
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Suppose that d = d{t}) >2p + l. Because s is algebraic, there is a decompo- 
sition s = r X u with r reductive and u consisting of nilpotent elements (see 
[WIVH 4.4.7]). Because ad I) consists of nilpotents, the subalgebra r is in the 
kernel of restriction to i)^, and u maps onto ad f). Therefore, for / = d(u), 

2p<d-l = d(ad f)) < / < 2p + 1 

where the upper bound comes from proposition 12. 31 Also by this proposition, 
U;_i consists of null translations. Whether I = d— 1 or d, we will show that 
i)^ centralizes a null translation in p, from which fact we will obtain the 
bound and points (1) and (3). 

First suppose I = d — 1. Then Urf_2 consists of null translations and acts on 
i)^ as ad i)d-2, which means it centralizes (f)i)''. Then by facts 12.2 1 and 13. H 
(fli)'' embeds homomorphically in o{p + l,q + 1). The order of u on {\ji)^ is 
d — 1; further, u and (f)i) generate a nilpotent subalgebra n of order d — 1, 
in which (f)i)^ is an ideal. Since d—l> 2p, proposition 12.31 implies that the 
commutators nrf_2 are all null translations. But 11(^-2 contains 

u"-'(f}i)' = (f)d-i)' 

Because u preserves (f)i)'' fl p and acts by nilpotent transformations on 
(()i)''/((f}i)'' np), which is 1-dimensional, 

Unf)l)' = (f)2)'cp 

Thus {i)k)^ C p as soon as /c > 2, so for any X G i), Y G i)k, we have 
[X, y]'' = [X^,Y^]. In particular, {t}d~i)'', the image under Sb of the center 
of t), commutes with f)^, so that i)^ is in the centralizer of a nonzero null 
translation. 

Next suppose I = d. Then Urf_i centralizes [}'' because it acts as ad \)d-i- 
By proposition 12.31 U(i--i consists of null translations, so \)^ commutes with 
a nonzero null translation in p. 

Given that \)^ centralizes a nonzero null translation in p. l2.2l implies point (1); 
moreover, {\)^)i C p. By fact 13. H s^ : f) — )■ o{p + 1, g + 1) is a homomorphic 
embedding. The assumption d > 2p+l and proposition 12 . 31 forces d = 2p-|-l, 
proving the bound. Also by proposition 12.31 (f)^)2p5 which is central in f)*, 
consists of null translations. Then (f)*)2p C (f)'')i C p, and (3) is proved. 

Finally, item (2) of the theorem is a consequence of item (1) and fact 13.11 
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3.1. Outline of the proof of theorem II. 2L For x E M, denote by H{x) 
the stabihzer of x in H. For each h G 7r^^(a;), the action of H by automor- 
phisms of the principal bundle B gives rise to an injective homomorphism 
Pft : H{x) — )• P. Theorem 13.21 says that if d{H) = 2p + 1, then each H- 
invariant closed set F contains a point xq, such that for some 1-parameter 
group h^ in H{xo) and bo € 'it~^{xo), the image pbo{h^) is a 1-parameter 
group T* of null translations in P. 

The dynamics of null translations are studied in section 14.11 and summarized 
in fact 14.11 In section 14.21 we make the crucial link between the dynamics 
of T* on Ein^''^ and those of h'^ on M, via the respective actions on special 
curves, called geodesies, in the two Cartan bundles. The actions on these 
curves are conjugate locally by the exponential maps of the two Cartan 
geometries. In section 14.31 we deduce from this relationship the dynamics 
of the /I'^-action and develop a method to precisely compute the differential 
of h^ near xq] see proposition 14.51 

In section [5] we use our description of the /i^-action to show that M is 
conformally flat, namely locally modeled on Ein^''^ (see proposition 15. ip . 
First we reduce the claim to showing flatness on a neighborhood of xq. 
Proposition 15 . 21 of section 15.11 establishes flatness on a nonempty open subset. 
In section 15.21 we make a technical modification of proposition 15.21 in order 
to show that this flat set includes a neighborhood of xq (see proposition [521) • 

The purpose of section [6] is to understand the global structure of M, using 
classical techniques for (G, X)-structures. We again use the dynamics of h^ 
to show that the subset of M tending under the forward or reverse flow to a 
fixed curve develops to the complement of the fixed set of r'^ in Ein^''^; the 
Lorentzian case is treated first in section 16.41 while the more complicated 
case p > 2 is in section 16.51 In both cases, we apply the the theorem |Fr51 
thm 1.8] on boundaries of embeddings of flat Cartan geometries to conclude. 
This final section completes the proof of theorem 11.21 

4. CONFORMAL DYNAMICS 

This section establishes properties of the flow /i^ that will later be used to 
show M is conformally flat. Along the way, we develop some general tools 
to relate the behavior of an automorphism of a Cartan geometry with the 
behavior of the corresponding holonomy on the model space. 
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4.1. Dynamics of null translations on Ein'^'^. The first task is to de- 
scribe the dynamics of 1-parameter groups of null translations in the model 
space Ein^'''. Let t'^ be the flow generated by the null translation T = 
(i+)-i(l,0, ...,0) of section [2X31 

The action of r* on Ein^'"^ is given in projective coordinates by 

t"" ■■ [yo : • • • : Vn+i] ^ [yo + syn ■ yi - syn+i : y2 : • • • : yn+i] 
The fixed set is 

When p = 2, it has codimension 2, and contains a singular circle 

A = P(span{eo,ei}) C F 

When p = 1, then F = A; since p + q > 3, the codimension of F is also at 
least 2 in this case. 

If y ^ F, then 

T^y -> [un : -yn+i : : • • • : 0] e A as s ^ oo 

Every point x G Ein^''^ lies in some C{y) for y G A, and y is unique when 
X ^ F. We summarize the dynamics of r^ near A; see also figure [2) 

Fact 4.1. The complement of the closed, codimension-2 fixed set F ofr^ in 
EirP''^ is foliated by subsets of lightcones C{y) = C{y)\{C{y)r\F), fory £ A. 
Points X £ C{y) tend under t'^ to y along the lightlike geodesic containing x 
and y; in particular, t^ preserves setwise all null geodesies emanating from 
points of A. 

A 





A 



Figure 2. local picture of fiow by null translation r^ 
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4.2. Geodesies and holonomy. In this section (M,B,uj) will be a Cartan 
geometry modeled on G/P. The form uj on B determines special curves, the 
geodesies. Here they will be defined as projections of curves with constant 
velocity according to w — that is, 7 : (— e, e) — > M is a geodesic if 7(t) = 
7r(7(i)) where 

oj{j'{t)) = 6<j(7'(0)) for all t G (-e, e) 

Geodesies on the flat model space {G/P,G,ug) are orbits of 1-parameter 
subgroups. Note that this class of curves is larger than the usual set of 
geodesies in case the Cartan geometry corresponds to a pseudo-Riemannian 
metric or a conformal pseudo-Riemannian structure (see [Fi], |Fri| . [Fri-S] 
for a definition of conformal geodesies). 

The exponential map is defined on i? x g in a neighborhood ol B x {0} by 
exp{b,X) = exp5(X) = 7x,fe(l) 

where 7x,fe(0) = b and cj(7^^(t)) = X for all t. 

Let h € Aut M. Then h carries geodesies in M to geodesies: 

h o 7x,fe = ^xMb) 

Suppose that h^ is a 1-parameter group of automorphisms Then for any 
60 G B, the curve parametrized by the flow 7(5) = /i*.5o projects to a 
geodesic 7(s) in M: it is easy to see that 7(5) has cj-constant velocity. 

Definition 4.2. If h G Aut M fixes x, and b € tt~^{x), then the element 
g G P such that h.b = bg is the holonomy of h with respect to b. More 
generally, given a local section a : U ^^ B, the holonomy of /i G Aut M with 
respect to a at some point x G U H h^^.U is g such that h.a{x) = a{h.x)g 

If H{x) is the stabilizer oi x in H < Aut M and b E 7r^^(x), then the holo- 
nomy with respect to b gives a monomorphism /o^ : H{x) — )■ P. Replacing b 
with bp has the effect of post-composing with conjugation by p~^. 

For automorphisms fixing a point xq, the holonomy with respect to some 
60 € 7r~^(xo) tells a lot about the action in a neighborhood of xq via the 
exponential map. If, moreover, an automorphism h fixes xq and preserves 
the image of a geodesic 7 emanating from xq, then the holonomy at xq 
determines the holonomy along 7, as follows. For X € g, denote by e the 
exponential of X in G. 
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Proposition 4.3. Suppose that h E Aut M fixes a point xq and has holo- 
nomy go with respect to bo G tt^^{xo). Let 7(i) = iT{ex.p{bo,tX)) for X ^ g, 
defined on an interval (a, /3) containing 0. Suppose there exist 

• a path g : (a, (3) ^>- P with g{0) = g^ 

• a dijjeoniorphism c : (a,/3) — )• {a' , f3') 

such that, for all t € (a,/3), 

Then 

(1) The curves exp{bo,c{t)X) and 7(c(t)) are defined for all t £ {a,/3), 
and h.^{t) = 7(c(t)). 

(2) Viewing eyi'p{bQ,tX) as a section of B over^{t), the holonomy of h 
at 7(f) with respect to this section is g{t). 

Proof: In G, reading the derivative oi g^e^^ witii ojg gives (see [Shi 3.4.12]) 
X = {kdg{t)-^){c'{t)X)+u:G{9'{t)) 

Because h preserves uj, the derivative of 

/i.exp(5o,tX) = e-x.Y>{bQgQ,tX) 

according to a; is X for all t G (a,/3). On the other hand, it is also true in 
B that whenever t G (a,/?) and exp(6o,c(t)X) is defined, 

a;((exp(6o,c(i)X)5(t))') = (Ad g{ty^){d {t)X) + u^c^g' {t)) 

This formula follows from the properties of w in the definition 1 2. 6 1 of a Cartan 
geometry; see [Sh| 5.4.12]. Therefore, because the two curves have the same 
initial value and the same derivatives, both are defined for t € (a,/3), and 

/i. exp(6o,i^) = exp(6o,c(t)X)5r(t) 

This proves (2); item (1) follows by projecting both curves to M. <^ 

We record one more completeness result that will be useful below, for flows 
that preserve a geodesic, but do not necessarily fix a point on it. 

Proposition 4.4. Let X E g and bo £ B be such that exp{bo,tX) is defined 
for all t G {a, 13), where a < < (3. Suppose that for some Y £ g, there 
exists g : {a, (3) ^- P such that for all t G (a, f3), 
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in G, where c is a diffeomorphism (a,/?) — > R fixing 0. Then exp{bo,tY) is 
defined for all t € R. 

Proof: In G, we have for all t G (a, /3) 

(2) Y=^^[AdgmX-u;Gi9'm 

Let c~^{s) be the inverse diffeomorphism (— oo,cx)) — ;• (a,/3). Define, for 
s G R, 

7(5) = exp(6o,c-^(s)X)5(c-i(s))-^ 

The derivative of the right-hand side is 

-^^-^[Ad gic-^smX-coGig'ic-^s))] 

For t = c~^{s), this reduces to the right-hand side of ([2]). Then exp(6o, sY) 
equals 7(5) and is defined for all s G R. 

4.3. Dynamics of h^ on M. We now return to the pseudo-Rieniannian 
manifold (M, cr) with associated Cartan geometry {M,B,uj) modeled on the 
pair (o(p + l,g + 1),P) corresponding to the homogeneous space Ein^''^. 
The subalgebra u~ complementary to p and the basis Ui, . . . ,Un are as in 
section flTHH Let A/'(u~) be the null cone with respect to Q' := {i~)*{Qf''^) 
in u~ (see 12. 1.2] for the definition of i^). The following proposition captures 
properties of the flow h^ given by theorem 13.21 that reflect properties of t^ 
established above, and that will be used to prove flatness in the next section. 

Now we suppose the group H < Conf M is nilpotent of maximal degree 
2p + 1. The point xq is given by theorem 13.21 and h^.xo = xq. We have 
60 € 7r^^(xo) for which the holonomy of h^ is r^ as in section HTTl 

Proposition 4.5. Suppose H < Conf M is nilpotent of maximal degree 
2p + 1. Let F <Z M be closed and H -invariant subset, and let xq (z F and 
X G i) be given by theorem \3.S\ Let h^ be the flow generated by X. Then 
there is 60 ^ ^^^(^0) for which the following holds: 

(1) Let A(f) = exp{bo,vUi) with domain /a ^ R; let A = tt o A. Then 
the flow h^ fixes pointwise the geodesic A, and, for v G Ia, has 
holonomy at A{v) with respect to A equal r*. 

(2) There is an open subset S C J\f{u^) such that S U —S is dense 
in M{u~), and for all v G /a and U G S, if the geodesic I3{t) = 
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IT o exp{A{v) , tU) is defined on (— e,e), then the flow /i* preserves j3 
and reparametrizes by 

t 

^ ^ 1 + st 

for t G (— e, e). In particular, for t > (t < 0), 

h''{fi{t)) -^ A{v) as s ^ oo {s -^ -oo) 

Moreover, /3{t) is complete. 
(3) There is a framing /i(i), . . . , /„(t) of M along j3{t) for which the 
derivative 

( 1 \ '"(*) 

K{m)) = [jTVt) -^^^"^^^^ 

where 

' i = l 



a{i) 



1 i G {2, ...,n-l} 

2 i = n 



To prove this proposition, we will compute the relevant holonomies of r* 
in the model space and use proposition I4.3[ We start with some algebraic 
facts pertaining to Ein^''^. Let r be as in section r2. 1.21 a maximal reductive 
subalgebra of p. 

Lemma 4.6. Let R = CO{p,q) be the connected subgroup of P with Lie 
algebra x, and let S be the unipotent radical of the stabilizer in R of Ui. 

(1) Fix{Ad t') r\vr = R[/i 

(2) Let S = RI,o ■ S.Un- Then S U —S is open and dense in J\f(\x^). 

(3) The subgroups S and t^ commute. 

Proof: 

(1) Recall that T is the infinitesimal generator for r'^ defined in section 
12.1.31 It suffices to show 

RC/i = ker(ad T) n u~ 

We leave this basic linear algebra calculation to the reader. 

(2) We will show that S consists of all U G M{u-) with {U,Ui) > 0; 
these elements and their negatives form an open dense subset of 

AA(u-). 
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First, if g G 5, then g.Un G A/'(u^) and 

{g.Un,Ui) = {g.Un,gUi) = {Un,Ui) = l 

Both Af{u^) and the property {U, f/i) > are invariant by the action 
of R>0' ^° '^ ^^ contained in the claimed subset. 

Next let U G A/'(u") be such that {U, Ui) > 0. Replace U with a 
positive scalar multiple so that {U,Ui) = 1. Define g € S hy 

g : Ui^Ui 

V^V -{V,U)-Ui for V e{Ui, Un}^ 

It is easy to see that g is unipotent and belongs to 0{Q^), and thus 
defines an element of R. Therefore U a S. 
(3) Both S and r* lie in the unipotent radical of P, which, in the chosen 
basis, is contained in the group of upper-triangular matrices. The 
commutator of any unipotent element with t^ is In+2 + cE'q^ for 
some c G R. There is no such element of 0{p + l,q + 1) for any 
nonzero c, so the commutator is the identity. 



♦ 



Proof: (of proposition 14. Sp 

Because Ad r* fixes Ui, the corresponding 1-parameter subgroups commute 
inG: 

Then by proposition 14.31 the flow h^ fixes A pointwise, and the holonomy 
of h^ with respect to A at any A(f), v € /a; equals t^. This proves (1). 

To prove (2), first consider the null geodesic a{t) = 7r(e*^") in G/P, and let 
a{t) = e*^". Now it is possible to compute the holonomy of r* along a with 
respect to a: 
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Refer to the expression for r^ in section H?T| and compute directly in 0{p + 

1,9 + 1) 

g-c(t)C/„ . ^s . gti/„ ^ di^g^i + St, 1 + St, 1, ... , 1, -^ -^) + sT 

1 + st 1 + st 

Denote this holonomy matrix by h{s,t). 

Now let 5 < G be as in lemma l46| and let U = (Ad g){Un) with g & S. Let 
d(t) = e* . Because r** commutes with g by lemma [46] (3) , we can compute 
the holonomy of r* with respect to a along a: 

= t" ■ g ■ e^^" ■ g^^ = g ■ t" ■ e*^" • g~'^ 

= g ■ e^W^" • his, t) ■ g-' = e^^" ^^('^W^") • g ■ h{s, t) ■ g-' 

= a{c{t)) ■ g ■ h{s,t) ■ g~^ 

Let 5 be as in lemmagSl (2). Let U e S. Let ^(t) = exp{A{v),tU) and 
f3 = TT o f3, and assume /3 is defined on (— e,e). From (1), the holonomy of 
/i* at A{v) with respect to A is r**. The above calculation, together with 
proposition 14.31 (1). implies 

h^Pit) = I3{c{t)) 

for all t G (— e, e). Taking s = ±l/e and again applying proposition 14.31 (1) 
proves completeness of /3(t). Then point (2) is proved. 

By proposition 14.31 (2), the holonomy of /i* at /3(t) with respect to 13 is 
g ■ h{s,t) ■ g~^. The adjoint of h{s,t) on g/p in the basis comprising the 
images of C/i , . . . , f/„ is 

diagfl, , . . . , , -tt) 

^^ ' l + .st' ' 1 + st' (l + st)2^ 

Since S is contained in P, for g & S, the span of (Ad g){Ui), . . . , (Ad g){Un) 
is transverse to p. The adjoint of g ■ h{s,t) ■ g~^ in the corresponding basis 
of q/p is of course the same diagonal matrix as for g = \. For /3 and /3 as 
above, define a framing fi, ■ ■ ■ , fn along f3 by 

Now we can compute the derivative of h^ along f3 in the framing (/i, . . . , /„). 
Recall the identity for a Cartan connection 

ujp^ o (Ad g) = Rg-i^ o Upg 
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We will write fi{t) in place of fi{l3{t)) below. 

KiMt)) 

Ad g){Ui, 



21 



which proves (3). <) 



vr* ohl °^^^^^ o Ad 5) {Ui[ 



vr* o a; - o . 






TT* O Rg.h(s,t)* ° ^3(t(t)) ° ^^(5 ■ ^(^' *))) ('^^) 



1 



l + st 



a{i) 



Mc{t)) 



5. Maximal degree of nilpotence implies conformal flatness 

This section is devoted to the proof of the following proposition, the next 
step towards theorem 11.21 

Proposition 5.1. // the group H and the pseudo-Riemannian manifold M 
satisfy the assumptions of theorem \1.S\ then M is conformally fiat. 

Recall that a type (p, q) pseudo-Riemannian manifold is conformally fiat 
whenever it is locally conformally equivalent to Ein^''^. If dimM > 4, con- 
formal flatness is equivalent to the vanishing the Weyl curvature W, which 
is a conformally invariant (3, 1) tensor on M; if dimM = 3, then vanishing 
of the (3,0) Cotton tensor characterizes flatness (see [AG, p 131]). 

For the canonical Cartan geometry {M,B,uj) associated to the conformal 
structure (M, [a]), the Cartan curvature is defined as follows: the 2- form 

do; H — [lo,lo] 

on B vanishes on n A u at 6 whenever n or t; is tangent to the fiber of b. We 
define the Cartan curvature K to be the resulting function B -^ A^(0/p)* 00 
(see [Shi 5.3.22]). Vanishing of X on S is equivalent to M being conformally 
flat (see |Shl ch 7] or [Kol ch IV]). The function K is Aut M- invariant and 
P-equivariant; in particular, if K{b) = for b € 7r^^(x), then K vanishes on 
the fiber of B over x. In this case we will also say that K vanishes at x. 
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To prove proposition 15.11 we suppose V C M is not flat. Then dV is a 
nonempty ii^-invariant closed subset. Under the assumptions of theorem 
11.21 there exists a flow /i* of H, a point xq G dV, and 6o ^ '''""^(^^o) such 
that the holonomy of h^ with respect to bo is the null translation r* studied 
in 14.11 We use the differential of the flow /i** computed above plus an idea 
of |Fr3] to show vanishing of the Weyl and Cotton tensors along any null 
geodesic P emanating from a point on A. Next we examine geodesic triangles 
in this set of vanishing curvature to show in proposition 15.71 that in fact the 
Weyl and Cotton tensors vanish in a neighborhood of xq — a contradiction. 

The proof of proposition 15.71 below will require several preliminary results 
exposed in subsections 15.11 and 15.21 

5.0.1. Notation. In the two following subsections, the points xq and Bq and 
the 1-parameter groups h^ and t^ are as in the paragraph above. The 
infinitesimal generator of r* is T given in subsection l4.1[ Recall also u~ and 
the basis Ui, . . . ,Un first defined in section 12.1.21 See proposition 14.51 for 
the definitions of A, /a, and S C M{u~). Recall that each curve /3(t) = 
exp(A(?;),tf7) with U & S and v € I a, is defined for all i G R. 

5.1. Vanishing on lightcones emanating from A. The aim of this sub- 
section is the proof of: 

Proposition 5.2. For every U (z S and v € /a; the Cartan curvature of 
{M,B,io) vanishes omT^^{l3{t)) for all t € R, where 13 (t) = 7roexjp{A{v),tU). 
Consequently, the Cartan curvature vanishes on the lightcone of each point 
of A, in a sufficiently small neighborhood. 

Proof: Choose w G /a- We will show that when p + q > 4, the Weyl 
curvature vanishes on /3, and the Cotton tensor vanishes when p + q = 3. 
These tensors are zero on a closed set, and S U —S is dense in J\f{u~). The 
neighborhood V can be chosen to be vroexp^, ^ , restricted to a neighborhood 
of the origin in u~. Then vanishing on the entire lightcone C(A(u)) n V will 
follow. From the discussion above, vanishing of the Weyl and Cotton tensors 
implies flatness, which implies vanishing of the Cartan curvature on the same 
subset. 

Let fi{t) be the framing along /? given by proposition 14.51 (3). We first 
assume n > 4 and consider the Weyl tensor. The conformal action of the 
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flow /i* obeys 

wiKMt), Kf){t), Kh{t)) = Kwim, f,{t), hit)) 

The left hand side is 



^ X a(i)+u{j)+a{k) 



l + st 



W{MCs{t))Jj{Cs{t)),MCs{t))) 



We assume i > 0, so that h^.(3(t) — > /?(0) = A(f) as s — )■ cxd by proposition 
Ii3] (2). (If t < 0, then make s -^ -cx).) Now 

W^(/i(0), /,(0), /fc(0)) = ^hm (1 + .tr«+-(j)+-('=)/j^,V^^^^ 

lfi = j = k = l, then the left side vanishes because W is skew-symmetric in 
the first two entries. Therefore, we may assume the a{i) + a{j) + cr(k) > 1. 
Boundedness of the right hand side implies 

KW{fi{t),f,{t), hit)) ^0 as s ^ oo 

Because /ij(/i(t)) = /i(c(t)), the above limit means W{fi{t), fj{t), fkit)) 
cannot have a nontrivial component on /i(i). Then 

W{fi{0),fj{0), A(0)) G span{/2(0), . . . , /„(0)} 

Varying U over 5, one sees that the Weyl curvature at A(v) has image in 

fl 7r,a;^J^^(span{(Ad g){U2), • • • , (Ad g){Un)}) 
ges 

ges 

By (2) of lemma \^M the set of all (Ad g){Un) with g G 5 is a dense set of 
directions in the null cone M{u~). Then the intersection above is 0, so W 
vanishes at A(f). 

Now 

0= iim(i+str»+'^(^)+'^w/i:vF(/,(t),/,(t),A(t)) 

If a{i) + a{i) + a{k) > 2, then 

W{fi{t),f,{t),Mt)) = 

because hi cannot contract any tangent vector at /3(t) strictly faster than 
(1 + st)^. If a{i) + a{j) + a{k) = 1, then we may assume i = k = I, and 
hi must contract the Weyl curvature strictly faster than (1 + st), which is 
possible only if 

VF(/i(t),/.(t),/i(t))GR/„(t) 
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But, in this case, for any inner product (, ) in the conformal class, 

(wihit), nit), hit)), hit)) = -{wih{t),n{t), hit)), flit)) = 

which imphes VF(/i(t), /i(t), /i(t)) = 0, and again W vanishes at /3(t), as 
desired. 

When dimM = 3, the argument follows the same steps and is easier. We 
leave it to the reader. 

5.2. Vanishing on a neighborhood of xq. The previous subsection es- 
tablished vanishing of the Cartan curvature K on the union of lightcones 
emanating from the null geodesic segment A containing xq. This union does 
not, however, contain a neighborhood of xq in general. In this subsection 
we will show that A, or a particular reparametrization of it, is complete, 
and that lightcones of points on A intersect a neighborhood of xq in a dense 
subset. Then vanishing of iC in a neighborhood of xq will follow. We keep 
the notations of the previous section: there is a flow /i* of H fixing xq with 
holonomy the lightlike translation r^ . Recall that T denotes the infinitesimal 
generator of the one-parameter group r** . 

Proposition 5.3. There exists gg in the centralizer ofT such that iAd ge)iu~ 
is transverse to p and such that the curve A(t) = expibQ,tiAd g0)iUi)) in 
B is defined for all time t. 

Proof: Recall that xq and t^ were obtained by theorem [321 which ensured 
that f)^° centralizes T (see the beginning of section [3] for the notation f)^"). 
Recall the dynamics on Ein^''' of t^ (fact 14. ip : for each y in the null geodesic 
A, an open dense subset of the cone C(y) tends under t^ to y. Then any 
flow coming from the centralizer of T must leave A setwise invariant; in 
particular, f)''" preserves A. 

Lemma 5.4. Let n he a nilpotent suhalgehra of o(p + l,q + \) fixing two 
points on A. Then the nilpotence degree of n is at most 2p. 

Proof: The stabilizer in PO(p + l,q + 1) of a lightlike geodesic A in 
Ein^''^ restricts to an action equivalent to PSL(2,R) on RP^; in particular, 
the stabilizer acts transitively on pairs of distinct points on A. Thus we 
may assume n fixes [cq] and [ei]. Fixing [cq] means n is a subalgebra of 
p = coip,q) K R*'"''. Recall the inverse stereographic projection ip : R^'"? — )■ 
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Ejj^p.9 from section [2. 1.1 1 Let ui, . . . , m„ be the standard basis of R^'"?. Then 
linij_!.oo fitui) = [ei]. As in section [2. 1.1^ the set of lines in R^'*^ which tend 
to [ei] all have the form {x + tui} for x G U]^. This set of lines is invariant 
by the n-action on R^''^, which means that the translational components of 
n C co{p,q) x RP''^ are all in uj", and the linear components preserve Rui, 
and therefore also Ui. Now by calculations similar to those in the proof of 
12.31 we see that, if n is the projection of n on co(p, q), then 

for each positive integer k. But the nilpotence degree of a nilpotent subal- 
gebra n of co(p, (7) is at most 2p — l, while the order of n on u^ is easily seen 
to be at most 2p (compare with lemma [23]) . 

As in the proof above, the image of the restriction a of f) '' to A is isomorphic 
to a subalgebra of s[(2,R). Because a is nilpotent, dim a < 1. Let D be the 
unipotent radical of f)'"' ; it has nilpotence degree 2p +1 since f)''° does. The 
restriction of to A is generated by a parabolic element of 5((2,R), and it 
must be nontrivial by lemma 15.41 Thus a is of parabolic type. Let L G f) " 
have nontrivial image in 0; denote this image by L. 

Suppose L is parabolic type and that it fixes [1 : 0] € RP^. Then L fixes 
[eo] in Ein''^''^. The 1-parameter group c^ preserves A(t) = 7r(e^^) and 
reparametrizes it by t 1— )• jTr^- Suppose that A(t) = ex.p{bo,tUi) is defined 
on (— e,e). Take Sqo = — 1/e and s_oo = 1/e and apply proposition 14.31 (1) 
to see that exp{bQ,tUi) is defined for all t G R. 

Next suppose that L fixes [0 : 1] G RP^ Then e*'^.[l : 0] = [1 : i], and, in 
Ein^''', the orbit is e .[eo] = A(t). Then there exist g{t) G P such that 

(3) e*^ = e*^^-5(t) 

Then there exist (a, /3) C R, a diffeomorphism c : (a, /3) — t- R, and a path 
g{t) G P such that 

for all t G (a, /3). The curve exp{bo,tL) is the orbit of 60 under the lift of 
a conformal flow, so it is complete, and proposition 14.41 applies to give that 
exp(6o,iC/i) is defined for all i G R. Note that, because the two subgroups 
e''^ and e*^^ have the same restriction to A, the path g{t) is in the subgroup 
P\ < P pointwise fixing A. 

Last, consider arbitrary L of parabolic type. There exists gg G SL(2, R) a 
rotation such that (Ad ge){L) fixes [0:1]. Let gg be the image of gg under 
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the standard embedding SL(2, R) — > PO{p + l,q + 1) given by 



f 



A 











In-2 











A-1 



^GSL(2,i?) 



with respect to which the identification RP^ ^ A is equivariant. Then gg 
centrahzes T. In FO{p + l,q + 1), 

where g{t) G Pa is as in ([3]). So 

where /i(t) = ge9{t)gQ ■ The subgroup Pa is normahzed by gg, so h{t) G Pa. 
Proposition 14.41 apphes to show exp(6o, (Ad ge){tUi)) is complete, because 
exp(bQ,tL) is defined for ah t. 

To prove the transversality claim, we show (Ad gg)(u~) is still transverse to 
p, provided go does not exchange [cq] and [ei] in Ein^'*^. Then we will take 
gg = 1 when L fixes [1 : 0], and to be the above rotation when L is parabolic 
but does not fix [1:0]. 

The subalgebra (Ad gg){u^) is transverse to p if the orbit of [cq] in Ein^''^ 
under it is n-dimensional. In the Minkowski chart M([e„+i]), the point [cq] 
is the origin, and A is a null line through the origin, meeting the lightcone 
at infinity in one point, [ei]. The subalgebra u~ acts by translations. If gg 
does not exchange [cq] and [ei], then g^ [cq] is a point on A still contained 
in M([e„+i]). The orbit 

{geu'gg^)-[eo] = 5e(M([e„+i])) 
which is n-dimensional. <^ 

Proposition 5.5. Let gg G PO{p+l,q + l) be given by proposition [573[ and 
S as in proposition \4 -SI Let A{v) = exp(bo,v{Ad gg)(Ui)) and A = vr o A. 
Lets' = {Adgg){S). Then 

(1) The flow h'^ fixes A(v) pointwise and has holonomy at A{v) with 
respect to A equal t^ . 

(2) For each U G S' and f G R, the curve f3{t) = exp{A{v),tU) is 
complete and projects to a null geodesic. 

(3) For A as in (1) and /3 as in (2), the Cartan curvature vanishes on 
the fiber of J3{t) for all t G R. 



CONFORMAL ACTIONS OF NILPOTENT GROUPS 27 

Proof: 

(1) Since gg centralizes the null translation T, one can follow the same 
proof as for proposition 14.51 (1). 

(2) Recall the embedding PSL(2, R) -^ PO(p + 1, g + 1) with image the 
stabilizer of A. The element ge corresponds to rotation by some 
angle ^ on A = P(span{eo, ei})- Compute that for Un = E^ — E^^j^-^ 
as in lemma WM. 

(Ad ge){Un) = Un 

Next, note that the subgroup 5 of lemma HTBl is contained in P\, the 
pointwise stabilizer of A. Then 

geSg,^ < Pa < P 

Now any element of S' is of the form 

X{Ad ge o Ad w){Un) 

for some A G R and w £ S, and can be written 

X{Ad{gewgg^)){Un) = U 

Since gewg^ G P, the element U projects to a null vector in g/p = 
j^p,<?_ Then vr o exp(A(f), tC/) is a null geodesic. 

Fix U = (Ad gew)(Un) G S'; it suffices to prove (2) for such U, 
since the geodesic generated by XU is complete if and only if the 
geodesic generated by U is. Recall the matrices h{s,t), representing 
the holonomy of h^ along null geodesies based at 7r(exp(6o, vUi)) with 
initial direction in S or —S. Straightforward computation shows 
that gg commutes with h{s,t). Recall also that e''"^ commutes with 
S. Then we compute in FO{p + l,q + 1), 



,<'^''{gewg^')h{s,t){gewg,'y 



^sT^tU _ „c{t)U f„^„„„~l\u( ,. +\^^„„,,„-l\-l 



where c(i) = j^. 

Now proposition 14.31 with part (1) implies that h'^ reparametrizes 
(5{t) by c{t) and has holonomy 

ggwh{s,t)w'^gg'^ = {gewg^'^)h{s,t){gewg^'^)~^ G P 

along it with respect to /3. Part (1) of proposition 14.31 gives the 
desired completeness. 
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(3) As above, we may assume U = Ad{gg'w){Un)- Define a framing along 
I3{t) as in proposition 14.51 by 

/,(/3(t)) = {7T, o u-^^^ o (Ad gew)){Ui) 

Recall that (Ad gg){u~) is transverse to p by proposition 15.31 so 
Ad{gg'w){u~) is, as well. Now the derivative of h{s,t) along (3{t) in 
this framing is computed as in the proof of 14. 51 by the adjoint action 
of the holonomy ggwh{s,t)w^^gg on the (Ad gew){Ui), modulo p. 
The derivative has the same diagonal form as in proposition 14.51 
In fact, all the conclusions of 14.51 and thus also the arguments of 
proposition 15.21 hold when A(w) = exp(6o, (Ad gg){vUi)), and S is 
replaced by S', so we conclude that the Cartan curvature vanishes 
along the desired geodesies. 

<> 

Definition 5.6. Let {M,B,uj) be a Cartan geometry modeled on G/P. Let 
^ be a piecewise smooth curve in B. The development T>^ is the piecewise 
smooth curve in G satisfying 2^7(0) = e and {'D^)'{t) = uj{'y'{t)) for all but 
finitely many t. 

Note that for any piecewise smooth curve 7 in S, the development P7 is 
defined on the whole domain of 7, because it is given by a linear first-order 
ODE on G with bounded coefficients. 

Proposition 5.7. The Cartan curvature K vanishes on an open set of the 
form 7r~^(y) for V a neighborhood of xq in M . 

Proof: Recall the basis t/i , . . . , C/„ for u~ first introduced in section 12.1.21 
Let A(f ) = exp(6o, (Ad gg){vUi)), where gg is given by proposition [5]3l so A 
is complete. Recall that the curves exp{A{v) , tU) , where U € (Ad gg){S) = 
S' are complete, as well, from proposition 15.51 

To show that the Cartan curvature vanishes on a neighborhood above xq, 
it suffices to show that K = on exp(6o, V), for V a neighborhood of in 
(Ad gg){u^), because ir^ho maps w^ (V) onto a neighborhood of in Tx^M 
by proposition 15.31 

First suppose gg = 1. Recall from the proof of lemma IT6l (2) that S consists 
of all U G AA(u-) with ([/, C/i) > 0. Let 

Y = aUi + X + cUn G u" 
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with X G span{C/2> ■ ■ ■ ■, Un-i}, and assume that c 7^ 0. Let h = (X, X). De- 
fine, for each < r < 1, a piecewise smooth curve Ur in B by concatenating 

A(t(6Vc + 2a)), 0< t <r/2 

and 

exp(A(r6V2c + ra), (2t - r)(c[/„ + X - h^ /2c C/i)), r/2 < t < r 

Note that cUn + X - h'^ /2c Ui G ±5 because c / 0. Define /3(r) = ar{r). 

A 



/? 




Figure 3. components of the homotopy between /3 and ai 
Because u~ is an abehan subalgebra of g, the development 

Denote by /3'' the restriction of /3 to [0, s] and by $^ the restriction of f3 to 
[s, 1]. The curve /3 is homotopic to oi through the family of concatenations 
Os * $^', similarly, f3'^ is homotopic to a^ for all < r < 1. Because the 
curvature K vanishes on the images of these homotopies, the developments 
of the homotopic curves have the same endpoints (see [Shi 3.7.7 and 3.7.8]): 

P/3'^(r) = Var{r) = e^^ V r e [0, 1] 

But 

P/3(r) = Vp^r) = e''^ 

which means that 

/3(r) =exp(6o, ry) 

Then i^(exp(6o, Y)) = 0. Varying Y over all sufficiently small aUi + X + cUn 
with c ^ and passing to the closure gives vanishing of K on exp(6o,^), 
for V a neighborhood of in u^. 
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If go j^ 1, then consider 

Y = (Ad ge){aUi + X + cUn) G (Ad ge){u-) 
again with c ^ 0. Define Ur by concatenating a portion of A as above with 

exp(A(r6V2c + ra), (2t - r)(Ad ge){cUn + X - b^ /2c Ui)), r/2<t<r 
note that (Ad gg){cUn + X — b'^/2cUi) G ±5'. Therefore, by proposition 



(2) and (3), the curves ar are defined on [0, r] for all r and K vanishes 
on them. Then the same argument as above applies to give vanishing of 
curvature at exp(6o,^)- The set of possible Y are dense in a neighborhood 
y of in (Ad gg){u~), so we obtain the desired vanishing on exp(6o, V). (} 

6. End of the proof of theorem 11.21 global structure of M 

This section is again under the assumptions of theorem 1 1.2 1 H is a connected 
nilpotent Lie group acting conformally on a type {p, q) pseudo-Riemanniann 
manifold (M, a), and d(H) = 2p + 1 with p + q > 3. From proposition 15. H 
the manifold (M, a) is locally conformally equivalent to Ein^'*^, or in other 
words is endowed with a (G, Ein )-structure, where G = Conf Ein , a 
covering group of PO(p + 1, q + 1). The developing map of the structure is 
a conformal immersion of the universal cover of M 

6:M^ Ein^''' 

(see [Th| . |Go| for an introduction to (G, X)-structures and the construction 
of the developing map). If (M, B,ui) is the canonical Cartan geometry asso- 
ciated to the lifted conformal structure (M, a), then 5 lifts to an immersion 
of bundles 6 : B ^ G, where G is seen as a principal bundle over Ein ' . 
This immersion satisfies 6*uj^ = u>, where wg denotes the Maurer-Cartan 
form on G. 

Let p be the holonomy morphism Conf M —^ G, related to the developing 
map by the equivariance property 

p((f)) o5 = 5o(l) y (f)£ Conf M. 

The iJ- action lifts to a faithful action of a connected covering group, which 
we will also denote H, on M. The group p{H) = H is a connected nilpotent 
subgroup of G, with Lie algebra ^ isomorphic to f). In particular d{i)) = 
2p + 1, and by proposition 12.31 we may assume that H contains the lifted 
1-parameter group t^ (see section [d]) . 
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The fundamental group 7ri(M) is isomorphic to a discrete subgroup T < 
Conf M acting freely and properly on M. Because F centralizes f), the 
image p{T) = <I> centralizes \). 

To complete the proof of theorem ll.2t we must prove that the developing map 
6 is a conformal diffeomorphism between M and Ein ' . Subsections 16. 11 16.21 
and l6.3l contain preliminary geometric and algebraic results to this end. The 
end of the proof of theorem 11.21 will be given in 16.41 for the Lorentzian case, 
and in 16.51 for the other types. 

— T'P^I PS 

6.1. More on geometry and dynamics on Ein . When p > 2, Ein 
is a double cover of Ein''''^. It is A/'^^^''^^^/R^o- '^^^ conformal group G 
is 0{p + l,q + 1), and the stabilizer of [eo] is an index-two subgroup of P. 
A lightcone C{x) in Ein has two singular points, and its complement has 
two connected components, each one conformally equivalent to R^'''. 

l,n-l 

The Lorentz case p = 1 is more subtle since Ein is no longer compact. 

It is conformally equivalent to (R x S"'"^, —dt'^ ©ggn-i). Details about this 

~ . 1 n—l 

space are in [Frl' ch 4.2] and |BCDGM| . The group G = Conf Ein ' is 

a twofold quotient of the universal covering group of 0(2, n), with center 

_. — —^1 ft 1 

Z = 7i. The space Ein ''^~ is the quotient of Ein ' by the Z-action. 

'l,n-l 

The lightlike geodesies and lightcones in Ein are no longer compact. 

Any lightlike geodesic can be parametrized 7(i) = (t,c(i)), where c{t) is a 
unit-speed geodesic of S"~^. Lightlike geodesies are preserved by Z, which 
acts on them by translations; the quotient is a lightlike geodesic of Ein '"~ . 

l,n.-l 

Any lightcone C{x) C Ein has infinitely-many singular points, which 

-1.71—1 

coincide with the Z-orbit of x. The complement of C{x) in Ein has 

a countable infinity of connected components, each one conformally diffeo- 
morphic to R^'"^^. The center Z freely and transitively permutes these 
Minkowski components. 

-l,n-l 

Recall that t^ is the flow on Ein generated by the null translation T. 

The null geodesic A = P(span{eo, ei}) is the fixed set of r'^ on Ein^'""^. Let 

1 n—l 

A be the inverse image of A in Ein ' ; it is noncompact and connected, 

l,n— 1 . l,n— 1 

and equals the fixed set of r* on Ein . Given x € Ein \ A, there are 

two distinct points x~^ and x~ on A such that 

lim t'^ .X = x^ and lim t^.x = x~ 

s— >-oo s—^—oc 

Details about this material can be found in |Frl[ p 67]. 
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6.2. About the centralizer of f). For arbitrary {p,q), let A be the inverse 

'Pi<7 

image in Ein of A; it is connected and fixed by r*. Our first task is to 
find an algebraic restriction on <I>, using that it commutes with f). 

Proposition 6.1. The centralizer C(()) of i) in G leaves A invariant. The 
C{\))-action on A factors through a homomorphism to Z2 if p > 2, and it 
factors through a homomorphism to Z when p = 1. 



Proof: Denote c(f)) the Lie algebra of the centralizer of f). Observe first 
that both c(f)) and f) centralize t^. Recall that A is a local attracting set 
for r'^ (see the proof of proposition 15.50 . so c(r'^) leaves A invariant. The 
centralizer c{t^) in o{p + l,q + 1) of {r*} thus consists of matrices of the 
form 



/ 



(4) 



-y ■Jp-l,q-l 
M 



S 



y 

a 



\ 



V 



a,b,c,s £ a 

x,y gRP-1'9-1 

M eo{p-l,q-l) 



As in the proof of proposition 15.51 the projection of ^ on s[(2, R) is a 1- 
dimensional subalgebra of parabolic type. The projection of c(f)) lies in the 
same subalgebra; we wish to show it is zero. 

We may assume, by conjugating ^ in the centralizer of r* if necessary, that 
c(^) and I) are subalgebras of 

q = {X G c(r*) : a,c = 0} 

This algebra is isomorphic to (R (B o{p — l,q — 1)) x f)eis(2n — 3). Elements 
of q are denoted u = {b,M,x,y,s), with 6 G R, x,y € IU'~^''^~^, and 
M £ o{p — l,q — 1). Denote b = vri(u), M = ■K2{u), and {x,y) = vr3(u). 
Note that if 7rj(n) = for i = 1,2,3, then u is in the center of q. If 
til = {bi,Mi,xi,yi,si) and U2 = (62,^2,3^2,2/2,52) are in q, then an easy 
computation yields 

• 7ri([ui,U2]) = 

• M[U1,U2]) = [Mi,M2] 

• 7r3([ui, U2]) = (6iy2 - 62^1 



M1.X2 + M2.X1, -Mi.y2 + M2.yi) 



Now, if liQ = (60, Mo,2;o, yo, So) is in c(^), each u = {b, M,x,y,s) € f) must 
satisfy the relations: 
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• [Mo,M] =0 

• Mo.y = M.yo 

• boy - Mq.x = byo - M.xq 

We claim that 5o = 0. If not, then from the last relation above, whenever 
ui and U2 are in i), then 

2/1 = T-yo - 7-^i-a^o + T-Mo-Xi 
bo bo bo 



and 



This implies 



62 1 1 

y2 = T-yo - ■7-M2.X0 + —M0.X2 
bo bo bo 



vr3([ni,U2]) = {-^{-M2.xo + Mo.X2) + ^{-Mo.xi + Mi.xo) 
- M1.X2 + M2.xi,-Mi.y2 + M2.yi) 



As in section r2.2.2l we may assume without affecting the nilpotence degree 
and without changing C((]) that f) is Zariski closed. Write f) = f x u, where 
u is an algebra of nilpotents, and d{[}) = d(u). 

Let m = vr2(ii). It is a nilpotent Lie subalgebra of o{p — l,q — 1), and also 
an algebra of nilpotents, since u is so. Using the equation above, we get by 
induction that 7r3(ufc) C m''{'RP-'^'''-'^) x m'^(RP-i'9-i). Moreover, 7r2(ufc) = 
TTifc, and 7ri(ufc) = as soon as fc > 1. By proposition [2]3l d{m) < 2p — 3, and 
o(m) < 2p — 1 by lemma [231 As a consequence, vri(u2p-i) = '^2{u2p-i) = 
'^3{i^2p-i) = 0, which implies that U2p-i is in the center of u, and finally 
d{u) < 2p. Since d{i)) = d{u), we get a contradiction. Therefore, c(^) is 
actually the subalgebra of c(r*) with 5 = in (j3]). 

The projection of C{h) to PO(p + l,q + 1) commutes with the flow of par- 
abolic type on A generated by f). The centralizer of such a 1-parameter 
subgroup in PSL(2, R) is itself; in particular, any finite subgroup of the 
centralizer is trivial. From the above calculation, on the other hand, the 
identity component of C(f)) acts trivially on A. It follows that the image of 
C(^) in PO{p + l,g + 1) acts trivially on A, so the restriction of C(^) to 
A factors through a homomorphism to the kernel ofG — > PO(p + l,q + 1). 
From the previous section, this kernel is isomorphic to Z2 when p > 2 and 
equals Z when p = 1. This concludes the proof of the proposition. <) 



34 CHARLES FRANCES AND KARIN MELNICK 

6.3. Geometric properties of the developing map. Recall that {/i*} < 
H satisfies p(/i*) = r*. We now adopt the notations and results of subsection 
I4.3[ The lightlike geodesic A(f) = 7roexp(5o, tC/i) is pointwise fixed by h^ and 
is locally an attracting set for it (see proposition 14.51 (2)). Choose xq G M 
over xo and lift h^ to M. Let A C Ein be as above: it is a closed subset, 
pointwise fixed by r'', and it is the attracting set for r*. Because of these 
dynamics, tt^ (A) C 5~^{K), which is a closed, F-invariant, l-dimensional, 
immersed submanifold. Let A be the component of 5~^{K) containing xq. 
Denote Fq < F the subgroup leaving A invariant. 

Proposition 6.2. The image 7rM(A) d M is closed. Therefore, Fq acts 
cocompactly on A. 



Proof: We show 7rjvf(A) is closed in ttm ((5~"'^(A)), and therefore in M. 
Suppose TTMixn) — > T^uiv) with Xfi G A and y G 5~'^{K). Let [/ be a 
neighborhood of y that maps diffeomorphically to its images under ttm and 
under 5. There exist 7„ G F such that ^n-Xn — ?• y in [/. Then (5(7n.5;„) — > 
5{y) in A, and we may assume U is small enough that 5{U) fl A is an open 
segment. Then 'jn-Xn and y are in a common segment of 5^^ (A) n U. Then 
for some 7n = 7, the translate 7.y G A. 

As a consequence, we obtain the following result. 

Proposition 6.3. The map 6 is a covering map from, A onto A. When M 
is Lorentzian, 5 is a diffeomorphism between A and A. 



Proof: First note that A is open in 5 ^(A). For if 5 ""^(A) were recurrent, 

p,q 

then A would be, as well; but A is a closed, embedded submanifold of Ein . 
Therefore the image (5(A) is a connected open subset of A. By equivarience 
of (5 and the previous proposition, /o(Fo) preserves 5{h) and acts cocompactly 
on it. But piTo) centralizes \], so its action on A factors through either a 
finite group, or the extension of a finite group by Z. In both cases, (5(A) 
must equal A. 

When M has Lorentz type, then (5 : A — ?> A must be a diffeomorphism, 

-l,n-l 

because all lightlike geodesies in Ein are embedded copies of R, as 

described in section [6Tl in particular, they have no self-intersection. 

Now assume p > 2. On one hand, Fq acts cocompactly on A; on the other 
hand, the action of piTo) on A factors through a finite group. Let Fq <lFo be 
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such that p{Tq) is the kernel in p{Tq) of restriction to A. Then the restriction 

of 5 factors 

5\^: A ^ A 

\ t 

A/r[, 

Because Fq acts freely and properly on A, the quotient map A — )• A/Fq is a 
covering, and because Fq has finite index in Fq, its action on A is cocompact. 
The map A/Fg — > A is surjective because 6\^ is; it is a local diffeomorphism 
because 6\^ and A — ;■ A/Fq are. By compactness of A/Fq, it follows that 
A/Fq — )• A, hence A ^ A, is a covering, as desired. 

6.4. Proof of theorem II. 2t the case of Lorentz manifolds. Suppose 
now that p = 1. Let 

O = {z € M \ A I lim h^ .z exists and is in A} 

Proposition 6.4. The set 0, is nonempty and open. It is mapped diffeo- 

-1 n— 1 

morphically by 5 onto Ein ' \ A. 

Proof: Let us first check that 0, is nonempty. Recall A is pointwise fixed 
by h^. Let z^o G A, and choose boo (z B above Zqo such that the holonomy 
of h^ with respect to b^o is r'^. Let S be as in proposition 14.51 and [/ € 5. 
Consider the geodesic /3(f) = vr o exp{boo,tU). It is complete by proposition 
133] (2); further, for t > 0, 

lim h'.pit) = /3(0) = Zoo 

Then /3(t) e O for f > 0. 

To prove that fi is open, choose zq G 0,. There exists z^o € A such that 

l,n-l 

lims_^oo h^-Zo = Zoo. Since the orbits of t^ are lightlike geodesies in Ein , 
the same is true for the orbits of h^ on M. Then zq lies on some lightlike 
geodesic emanating from Zoo- Any such geodesic not fixed by h'^ has the 
form vr o exp(boo,tU) with U (z S. Then for sq > there exist e > and a 
diffeomorphism c : {sq, oo) — )■ (0, e) such that, for every s G {sq, oo), 

vr o exp{boo,c{s)U) = h^ .zq. 

There are a neighborhood / of Zqo in A, a segment I C B lying over /, and 
an open neighborhood Z// of in u^ such that the map 

H : I x{UnS)^M 

{z, u) I-)- vr o exp(6, u) 
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where h ^ I lies over z, is defined and is a submersion. Choosing sq big 
enough, c{so)U £ U (1 S, so that V = ^[I x (U (1 S)) is an open subset 
containing h^^.ZQ. It follows immediately from proposition 14.51 that V C ^. 
Since fi is /i '^-invariant, h~^"{V) C 0,. It is an open subset containing zq, 
which shows that 0, is open. 

We now prove that 5 is an injection in restriction to Q. Assume that z and 
z' are two points of Cl satisfying 5{z) = S{z'). Let Zoo = linis^ooh^-z and 
z'^ = lims^oo h^.z'. Then 

6{zoo) = lim t'.S{z) = lim r^(5(i') = 6{z'^) 

Because 5 is injective on A by proposition 16.31 -^cxa = z'^- Choose U an open 
neighborhood of Zqo which is mapped diffeomorphically by 6 on an open 
neighborhood V of Zoo = 6{zoo). There exists sq > such that for all t > sq, 
h^.z E U and h^.z' E U. Moreover, 5{h* .z) = 5{h^.z') = t^.6{z). Since 6 is an 
injection in restriction to U, the images h^.z = h^.z' , so z = z' , as desired. 

It remains to show that 5{Q) = Ein \A. The inclusion 5{Q) C Ein \ 

A follows easily from the definition of Q,. Just note that any z E 6~^{A) is 
fixed by /i*, so il cannot meet 6 (A). Now, pick z E Ein . There 
exists Zoo S A such that lims_i.oo t^.z = Zoo- By proposition 16.31 there is a 
unique Zoo E A such that 5{zoo) = Zoo- Also, there is a neighborhood U of 
Zoo mapped diffeomorphically by 6 on some neighborhood V of Zqo- There 
exists So such that for s > sq, t^.z E V. Let z E C/ be such that 5{z) = t^° .z. 
Then for all s > sq, we have h'^.z E U and linis-^co h^ -z = z^o- Thus, z a Q. 
Moreover, 6{h~^°.z) = z and since Q is /i*-invariant, z E (5(0), as desired. 

Remark 6.5. Notice that when we proved that Q is nonempty, we showed 
that A is in the closure of Q, . 

' — '1,11-1 ~ _ ~ 

The inverse of 5 on $7 = Ein \ A is a conformal embedding X : 0, —^ M. 

Because n > 3, dCl has codimension at least 2. Then theorem 1.8 of |Fr5] 

applies in our context. It yields an open subset Cl' containing Cl and a 

conformal diffeomorphism A~^ : M — )• 0', which coincides with (5 on 17. Two 

conformal maps which are the same on an open set of a connected pseudo- 

Riemannian manifold of dimension > 3 must coincide, so A~^ = 6. Now, 

Cl' contains 5(A) = A and Ein ' \ A, which yields Cl' = Ein ' , and 

~ l,n.-l 

6 : M —^ Ein is a conformal diffeomorphism. 
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-1 n— 1 

Thus M is conformally diffeomorphic to the quotient Ein ' /$. Since ^ 
centrahzes f), it leaves A invariant by proposition I6.H and the restriction of 
$ to A factors through a homomorphism to Z = Z. Because ^ acts freely, 
this restriction homomorphism is injective. Since M is compact, ^ must be 
infinite, so theorem 11.21 is proved in the Lorentzian case. 

6.5. Proof of theorem II. 2t the case p > 2. The proof in the Lorentz 
case must be adapted for p > 2 because in this case, 5 is a priori just a 
covering map from A to A and no longer a diffeomorphism. 

Recall that r* fixes A pointwise. Let pi G A. The lightcone C{pi) has 
two singular points, pi, and another point, p2 G A, and its complement 
consists of two Minkowski components. Mi and M2. Also, A \ {pi,P2} has 
two connected components Ii and I2, which can be defined by dynamical 
properties of r*: 

Vz e Ml, lim T^'.z e Zi and lim r^z € I2 

Vz e M2, lim T^'.z e Z2 and lim r\z E Xi 

s— >oo s— >— 00 

If F is the set of fixed points of r**, then C{pi) \ F splits into two connected 
components, Ci and C2. Suppose pi = [eo]- Then C{pi) is the quotient 
(e^ n7V'P+i'9+i)/R^o and P2 = [-eo]. Recall that 

F = (e^ n ei n AAP+^'«+^)/R*>o 

The components of C{pi) \ F correspond to {{x, ei) > 0} and {{x, ei) < 0}. 
As in section [4T| t^-[x] -^ [eo] as s ^^ 00 if (x,ei) > and t^.[x] — )■ [— eo] 
if (x,ei) < 0; similarly, t'^.[x] — )• [eo] as s — )• —00 if (x,ei) < and t^.[x] — > 
[— cq] as s ^ —00 if (x,ei) > 0. 

The dynamics are the same at any pi € A, because there is a conformal 
automorphism of Ein sending [eo] to pi and preserving F: 

Vz € Ci, lim T^.z = pi and lim r*.z = p2 

Vz G C2, lim T*. 2=^2 and lim r'*.z=pi 

Let {p2i+i : i G J} = (5~^(pi) and {p2i : i G J} = (5~^(p2)- Order the 
points P2i+i and p2i compatibly with an orientation of A, and in such a way 
that p2i is between P2i-i and P2i+i- If the covering 5 : A ^ A is finite, then 
J is finite; in this case, order each set of points cyclically. The segment of 
A from P2i-i to p2i will be denoted hi-i, and the segment from p2i to P2i+i 
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will be l2i- Now the set Q of the previous section will be replaced by the 
two sets 

ill = {5 € M \ A I lim h^ .z exists and is in Ii} 
0,2 = {z (z M \A \ lira h'^ .z exists and is in I2} 

Using the dynamical characterization of Ii and I2 corresponding to that of 
Xi and T2 given above, one can reproduce the proof of proposition 16.41 to 
obtain 

Proposition 6.6. The sets 0,i and i^2 o-'^^ nonempty and open. Each ilj is 
mapped diffeomorphically by 6 onto Mi, i = 1,2. 

Lemma 6.7. (5(9fli) C C{pi), i = 1,2. 

Proof: Let z & dQi. By proposition iSl S{z) G Mi. If 6{z) G Mi, 
the same proposition gives z' G 0,i such that S{z') = 6{z). Then if U' is 
a neighborhood of z' in fli, and if [/ is a neighborhood of z in M, with 

[/ n [/' = 0, 

6{u nni)n s{u') /0 

contradicting the injectivity of (5 on fli. 

The same proof holds if z G 8^2- (? 

If U is an open set of a type-{p, q) pseudo-Riemannian manifold {N, a), and 
if 2; G A^, denote by Cu{x) the set of points in U which can be joined to x 
by a lightlike geodesic contained in U . 

Lemma 6.8. There exists U a neighborhood of pi in M such that 

u\Cuipi) = {unn2)[j{unni) 

Proof: First choose U a neighborhood of pi that is geodesically convex 
for some metric in the conformal class, so U \ Cu{pi) is a union of exactly 
two connected components Ui and U2- (Here we use the assumption p > 2. 
In the Lorentz case, there would be three connected components.) We may 
choose U small enough that 6 maps U diffeomorphically on its image V, and 

6{Cu{pi)) = vnC{pi). 

First, [/ n Oi and U 0^1.2 are both nonempty: remark [6.51 is easily adapted 
to the current context to show that Ii C Oi and I2 C i^2- Assume then that 
UiH^i / 0. BylemmaEH HUiHdni ^ 0, then 6{UindQi) C C{pi). Since 
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6 is injective on U, then Ui (1 dili C Cu{pi), a contradiction. Therefore, 
Ui n dQi = 0, so UiCQi. Similarly, C/2 C ^^2- <> 

Let Wu = CuiPi) \ F, and define W = [JseR^'-^u- 

Lemma 6.9. The set Q = ill L) W L) il.2 C M is open, and is mapped 
diffeomorphically by 6 to Ein \ F . 

Proof: We first prove that O is open. By lemma 16. 8| and the fact that 
f^i and VL2 are open, the set Q-i U Wu U Q-2 is open. Now, if i G W , there 
exists So € R such that h'^'^ .z € Wjj. Then there is a neighborhood U' of 
/i^'^.z contained in ili U Wjj U ri2 C $7. Then h~^°.U' is a neighborhood of z 
contained in Q. 

We now show that 5 is injective on 0. By lemma [6^61 5 is injective on Qi 
and il2; and because 5($7i) = Afi is disjoint from 5{i}2) = ^2, the map 
6 is actually injective on Qi U ri2. Because 5(VK) C C{pi) is disjoint from 
S{Qi U ^^2), it suffices to prove that 6 is injective on W. Assume z,z' G W 
with 6{z) = 6{z'), and suppose this point is in Ci, so 

lim r**.5(i) = lim t^.6{z') = pi 

Since z G P^, either \\va.s^ooh^ -z = Pi or lim^^^-co ^^--z = Pi- But if 
lims_j._oo /i'*-^ = i?i, then lims_i._ooT'*-(5(5) = pi, contradicting 5{z) € Ci. 
Therefore, lims_j.oo h^ -z = pi, and for the same reasons, lim^^oo h'^-z' = pi. 
Then there exists sq > such that for all s > sq, both h'^.z and h^ .z' are in 
U. Since 5{h^.z) = t^.5{z) = t^.5{z') = 6{h'^.z'), and since 5 is injective on 
U, we get h^.z = h^.z' and finally z = z'. The proof is similar li 6{z) = 6{z') 
is in C2. 

It remains to understand the set 6{Q). From proposition 16. 6| Mi U M2 C 
5(i7), and it is also clear that S{Q) C Ein \F. If z € Ci, then there exists 
s > such that t^.z € V. Hence, there is z a U such that 6{z) = t^.z, 
and finally 6{h~^.z) = z. Since z (^ U, then h~^.z G 0, which proves 
z G 6(Q). In the same way, we show that if z E C2, then z € S{i}). Finally 
5{n) = mn''^ \ F = Ml U M2 U C7i U C2. 

The conclusion is essentially the same as in the Lorentzian case. Let Cl be 
the complement of F in Ein . Then inverting 5 on Q gives a conformal 
embedding A : fi — > M. Recall from section ITT] that F = dCl has codimen- 
sion 2. Then theorem 1.8 of |Fr5j gives an open subset Cl' containing Cl and 
a conformal diffeomorphism A^^ : M — )■ Cl', which coincides with 6 on $7. 
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As above, A^^ = 5. Now, A C Cl', and since 6 : M ^ Cl' is a diffeomorphism, 
the action of <& on Cl' is free and proper. In particular, the map associating 
to an element of <1> its restriction to A is injective. By proposition 16 -H the 
group ^ is trivial or isomorphic to Z2. Because M = M /T is compact, 
$ acts cocompactly on Q', so Q,' = Ein . Therefore M is conformally 
diffeomorphic to Ein /<!>, as was to be shown. 
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